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Abstract
We give a characterization of translation ovoids of flock generalized quadrangles. Then we prove
that, if q = 2e , each elation generalized quadrangle defined by a flock has a large class of translation
ovoids which arise from semifields of dimension two over their left nucleus. Finally, we give some
examples when q is odd.
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1. Introduction
One of the most investigated classes of finite generalized quadrangles consists of
flock generalized quadrangles, which are those associated with flocks of quadratic cones,
because of their links with a lot of different geometric objects, e.g. q-clans [15], translation
planes [6, 18], BLT-sets [1], herds of ovals [4] and hyperbolic fibrations [2].
In this paper we first study translation ovoids of generalized quadrangles arising from a
fourgonal family, then we focus on flock generalized quadrangles, giving a characterization
of these ovoids when represented in the coset geometry model.
As a consequence, by considering the classical generalized quadrangle H (3, q2) as a
coset geometry, we first remark that any translation ovoid of H (3, q2) defines a semifield
of dimension two over its left nucleus and conversely. Then we prove that any translation
ovoid of H (3, 2e), with translation point (∞), is also a translation ovoid of the generalized
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quadrangle arising from any q-clan, q = 2e. Furthermore, we give some examples of
translation ovoids of flock generalized quadrangles for q odd.
For reasons of space, only a few definitions and properties are recalled. For background
material we refer the reader to the references in particular to [11] and [16].
2. Notation and preliminary results
Let F = G F(q) be the Galois field of order q and put F˜ = F ∪ {∞}.
The set G = F2 × F × F2 equipped with the product (α, c, β)(α′, c′, β ′) = (α +
α′, c + c′ + α′βT, β + β ′), where α, β, α′, β ′ ∈ F2 and c, c′ ∈ F , is a group, whose center
is Z = {(0, c, 0) | c ∈ F}.
Let F = {B(t), B∗(t) | t ∈ F˜} be a fourgonal family of G, i.e. a set of subgroups
of G such that B(t) < B∗(t), |B(t)| = q2, |B∗(t)| = q3, B(t)B(s) ∩ B(u) = 1 and
B(t)B∗(s) = G for all t, s, u ∈ F˜ , t = s = u = t .
The fourgonal family F defines a generalized quadrangle S(F) of order (q2, q) as a
coset geometry in the following way. The points are the elements g in G, the right cosets
B∗(t)g with g ∈ G, t ∈ F˜ and the symbol (∞); the lines are the right cosets B(t)g with
g ∈ G, t ∈ F˜ and the symbols [t] with t ∈ F˜ ; the point (∞) is incident with each line
[t], the point B∗(t)g is incident with [t] and with all cosets B(t)h contained in it, the point
g is incident with all lines B(t)g, t ∈ F˜ . The group G acts (by right multiplication) as an
elation group on S(F). For more details, see [8].
A translation ovoid of S(F) with respect to the point (∞) is a set O of q3 + 1 points,
with (∞) ∈ O, such that no two points of O are collinear on S(F) and there is a subgroup
of the elation group G fixing (∞) linewise and acting sharply transitively on O\{(∞)}.
Note that all the points of O different from (∞) are elements of G. As S(F) is an elation
generalized quadrangle with respect to (∞), we can suppose 1 ∈ O so that we can identify
O with H ∪{(∞)}, H a subgroup of G of order q3. Also note that if H ∪{(∞)} is an ovoid
then H ∩ B(t) = 1 for all t ∈ F˜ , by definition of collinearity on S(F).
Theorem 2.1. Let O = H ∪ {(∞)} be a translation ovoid of S(F) with respect to (∞).
If B = {(0, 0, β) | β ∈ F2} or B ′ = {(α, 0, 0) | α ∈ F2} is one of the B(t)’s in F , then
Z < H .
Proof. Let B = {(0, 0, β) | β ∈ F2} be one of the B(t)’s in F . Suppose g =
(α, c, β), h = (α, c, β ′) ∈ H for some α, β, β ′ ∈ F2 and c ∈ F . Then g−1 =
(−α,−c + βαT,−β) and g−1h = (0, 0, β ′ − β) ∈ H , hence β = β ′ as H ∩ B = 1.
Therefore, for any pair (α, c) ∈ F2 × F , there is at most one β ∈ F2 such that (α, c, β) is
in H .
As F2 × F and H have the same cardinality, one can conclude that f : F2 × F →
F2, (α, c) → f (α, c) such that (α, c, f (α, c)) ∈ H , is well defined. Also, for all α ∈ F2,
c, d ∈ F , we have (α, c, f (α, c)), (0, d, f (0, d)) ∈ H , then (α, c+d, f (α, c)+ f (0, d)) ∈
H and f (α, c + d) = f (α, c) + f (0, d).
If f (0, d) = 0 for all d ∈ F , then (0, d, 0) ∈ H for all d ∈ F and Z < H .
Suppose that f (0, c) = 0 for some c ∈ F , c = 0. Let g = (α, 0, f (α, 0)), h =
(α, c, f (α, c)) ∈ H , then g−1h = (0, c, f (α, c) − f (α, 0)) ∈ H , gh−1 = (0,−c +
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( f (α, c) − f (α, 0))αT, f (α, 0) − f (α, c)) ∈ H , and (g−1h)(gh−1) = (0, ( f (α, c) −
f (α, 0))αT, 0) ∈ H for all α ∈ F2, with f (α, c) − f (α, 0) = f (0, c) = 0. The set
{ f (0, c)αT | α ∈ F2} is F because f (0, c) = 0, hence (0, d, 0) ∈ H for all d ∈ F : a
contradiction.
On the other hand, if B ′ = {(α, 0, 0) | α ∈ F2} is one of the B(t)’s in F , then the proof
of the theorem is obtained as before interchanging the roles of α and β. 
3. Translation ovoids of flock generalized quadrangles
A q-clan is a set of 2×2 matrices C = {At | t ∈ F} over G F(q) such that the difference
of any two of them is anisotropic. Without loss of generality we can suppose A0 = 0 and
At =
(
xt yt
0 zt
)
. A flock of the quadratic cone of PG(3, q) is a partition of the cone
minus the vertex into disjoint conics. Flocks are equivalent with q-clans [15].
Let G be the group introduced in the previous section. Any q-clan defines a fourgonal
family of G consisting of the subgroups A(t) = {(α, αAtαT, αKt ) | α ∈ F2}, A∗(t) =
{(α, c, αKt ) | α ∈ F2, c ∈ F}, with t ∈ F , A(∞) = {(0, 0, β) | β ∈ F2}, A∗(∞) =
{(0, c, β) | β ∈ F2, c ∈ F}, where Kt = At + ATt . Note that A∗(s) = A(s)Z for all
s ∈ F˜ . Hence any q-clan defines, as a coset geometry, a generalized quadrangle S(C) of
order (q2, q), which is said to be a flock generalized quadrangle (or a q-clan generalized
quadrangle) (see [8, 12]).
Therefore, from Theorem 2.1 it follows:
Theorem 3.1. If H ∪ {(∞)} is a translation ovoid of S(C) with respect to the point (∞),
C any q-clan, then Z < H . 
Corollary 3.1. Let H be a subgroup of G of order q3. Then O = H ∪ {(∞)} is a
translation ovoid of S(F) with respect to the point (∞) if and only if H ∩ A∗(s) = Z
for all s ∈ F˜ .
Proof. As H acts transitively onO\{(∞)}, ifO is an ovoid of S(C), then it is a translation
ovoid.
Two points g and h of G are not collinear if and only if they do not belong to the same
line of type A(t)k, i.e. if and only if gh−1 /∈ A(t) for all t ∈ F˜ . Hence O is an ovoid if and
only if H ∩ A(t) = 1 for all t ∈ F˜ . Since the group H contains the center Z , the condition
H ∩ A(t) = 1 is equivalent with H ∩ A∗(t) = Z . 
By the proof of Theorem 2.1, a translation ovoid with respect to the point (∞) of a
flock generalized quadrangle, described as a coset geometry, is O = H ∪ {(∞)} with
H = {(α, c, f¯ (α)) | α ∈ F2, c ∈ F} where f¯ (α) = f (α, c) is independent of c. More
precisely, translation ovoids with respect to the point (∞) of a flock generalized quadrangle
can be completely characterized by this property:
Theorem 3.2. Let C = {At | t ∈ F} be a q-clan. The set O = H ∪ {(∞)} is a translation
ovoid of S(C) with respect to the point (∞) if and only if
(i) H = {(α, c, f¯ (α)) | α ∈ F2, c ∈ F}, with f¯ : F2 → F2 an additive bijection;
(ii) if f¯ (α) = αKt , where Kt = At + ATt , for some t ∈ F, then α = 0.
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Proof. SupposeO = H ∪{(∞)} is a translation ovoid. Then the map f¯ : F2 → F2, α →
f¯ (α) = β if and only if (α, c, β) ∈ H for some c ∈ F is well defined, as already
observed because A(∞) = {(0, 0, β) | β ∈ F2} ∈ C. Also, interchanging the roles of
α and β, with an argument similar to the one used for the construction of f in the previous
section, from H ∩ A(0) = 1 it follows that f¯ is a bijection. Moreover, if (α, 0, f¯ (α))
and (β, 0, f¯ (β)) are in H , then so is their product (α + β, β f¯ (α)T, f¯ (α) + f¯ (β)), which
implies f¯ (α + β) = f¯ (α) + f¯ (β). Also, H ∩ A(t) = 1 for all t ∈ F˜ because O is an
ovoid, which implies Condition (ii).
Conversely, if Conditions (i) and (ii) hold, then H is a group containing Z and
H ∩ A∗(s) = Z for all s ∈ F˜ , which implies H ∩ A(s) = 1 for all s ∈ F˜ , hence no
two points of O are collinear and O is an ovoid, admitting H as translation group. 
The map f¯ being additive implies that it is linear over some subfield, say G F(s),
of G F(q). If q = sn , then f¯ is an automorphism of the 2n-dimensional G F(s)-vector
space F2.
The group G = G/Z can be regarded as a 4-dimensional vector space over F . For each
element g of G, let g∗ be the preimage in G of the 1-dimensional space of G spanned by
g = gZ . If g, h are elements of G, then (g, h) = [g, h] defines an alternating G F(q)-
bilinear form on G (Note that [g, h] is independent on the choice of the representatives
g, h).
If q is an odd prime power, then G is equipped with a symplectic polarity. Let PG(3, q)
be the 3-dimensional projective space associated with G. The set {A∗(t)/Z | t ∈ F˜} is a
set of q + 1 lines, totally isotropic with respect to the symplectic polarity. This set of lines
is the B LT -set (of lines) associated with the generalized quadrangles S(C).
If q is even, then the 3-dimensional projective space PG(3, q) associated with G is
equipped with the orthogonal geometry associated with the hyperbolic quadratic form
 : g → αβT if g = (α, c, β). Denote by Q+(3, q) the nonsingular hyperbolic quadric of
PG(3, q) defined by . The set {A∗(t)/Z | t ∈ F˜} is, in this case, one of the two reguli of
Q+(3, q) (see e.g. [13]).
In this setting, Corollary 3.1 states that a subgroup H of G of order q3 defines a
translation ovoid O = H ∪ {(∞)} of the generalized quadrangle S(C) with translation
point (∞) if and only if the set of points of PG(3, q) defined by H/Z has empty
intersection with the set of lines defined by the A∗(t)/Z ’s with t ∈ F˜ (see also [13]).
3.1. Translation ovoids of H (3, q2) and semifields
In [15] it has been proved that H (3, q2) is isomorphic to S(C ′) where C ′ ={(
t bt
0 ct
) ∣∣∣∣ t ∈ F
}
with b, c ∈ F such that X2 + bX + c is an irreducible polynomial
over F (see also [13]).
As above, a subgroup H of G of order q3 defines a translation ovoid of H (3, q2) if and
only if H = H/Z is a subgroup of G such that 〈h〉 /∈ Q+(3, q) for all h ∈ H ; in the
notation of [9], if q = sn , the subgroup H defines a (2n − 1)-dimensional subspace of
PG(4n − 1, s), say U , such that for each point x of Q+(3, q) the subspaces P(x) and U
are disjoint. Because of [9, Theorem 9.3], any such subspace of G defines a semifield of
dimension two over its left nucleus; conversely, any semifield of dimension two over its
L. Bader, R. Trombetti / European Journal of Combinatorics 25 (2004) 65–72 69
left nucleus defines a group of order q2 of nonsingular 2 × 2 matrices over G F(q), which
can be regarded as a set of points exterior to the relevant Q+(3, q) in PG(3, q)  G,
and a subgroup H of G of order q3 arises, with the required properties (for the details on
semifields see e.g. [5, Chapter 5]). Hence we have proved the following
Theorem 3.3. Any translation ovoid of H (3, q2) with respect to (∞) defines a semifield
of dimension two over its left nucleus; conversely, starting from a semifield of dimension
two over its left nucleus, it is possible to construct a translation ovoid of H (3, q2). 
We conclude by remarking that, as a consequence of Theorem 3.1, a translation ovoid of
H (3, q2) is either the Hermitian curve, intersection of H (3, q2) with a nonsingular plane,
or it is in bijective correspondence with locally Hermitian spreads of the elliptic quadric
Q−(5, q) (for more details see [3, 17]).
3.2. The main theorem
Let q be an even prime power.
Theorem 3.4. To any translation ovoid of the classical generalized quadrangle H (3, q2),
q = 2e, there corresponds a translation ovoid of each elation generalized quadrangle
arising from a q-clan.
Proof. As a consequence of Corollary 3.1 and Theorem 3.2, if we look at the classical
generalized quadrangle H (3, q2) as a coset geometry, then a translation ovoid O, with
respect to the point (∞), of H (3, q2) can be represented in the form H ∪ {(∞)}, H being
a subgroup of G of order q3, such that Z < H and H ∩ A∗(t) = Z for all t ∈ F˜ . Since q
is even, for any q-clan we have Kt =
(
0 yt
yt 0
)
, with t ∈ F˜ , and the function F → F ,
t → yt is a bijection. Therefore, the set of the q + 1 subgroups A∗(t) does not depend on
the q-clan. Because of this property, we have thatO = H ∪ {(∞)} is a translation ovoid in
the generalized quadrangle S(C), where C is any q-clan. 
Hence, for q even, we have the surprising property that the conditions for O to be a
translation ovoid of an elation generalized quadrangle arising from a q-clan do not depend
on the geometric structure of the generalized quadrangle.
We remark that if the subgroup H/Z of G defines a line of PG(3, q), which happens if
the functions defining the corresponding semifield are linear over G F(q), then the ovoids
we obtain are the ones described by Thas and Payne in [14, Section 6.2]. By using the
isomorphism between H (3, q2) and S(C), it is easy to see that these examples are the
ones obtained starting from the Hermitian ovoid of the classical generalized quadrangle
H (3, q2).
3.3. Some examples for q odd
Suppose q is odd. As already observed, ovoids of S(C) correspond with sets of points
which are exterior to the associated B LT -set of lines (see also [14]), but these ovoids
in general may not be translation ovoids. In this subsection we give some examples of
translation ovoids. Example 4 is implicitly contained in [14], but the authors do not discuss
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the property of being a translation ovoid or not, while all the other examples are, to our
knowledge, new.
Some examples can be constructed in a purely geometrical way. Throughout this
subsection, G will be the group introduced in Section 2.
Example 1. Suppose q is a square, say q = s2.
Let Σ = PG(3, s) be a canonical subgeometry of Σ∗ = PG(3, s2). We note that
each point of Σ∗\Σ belongs to exactly one line of Σ . Fix a regular spread, say S, of Σ
and let S∗ be the partial spread of Σ∗ obtained extending the lines of S; S∗ is called a
pseudo-regulus. It has been proved in [7] that there are exactly two transversal lines of Σ∗,
conjugate with respect to the automorphism τ of G F(q) defined as tτ = ts , t ∈ G F(q),
and s − 1 canonical subgeometries Ω1 = Σ ,Ω2, . . . ,Ωs−1, each isomorphic to PG(3, s),
such that any point of Ω j , with j = 1, . . . , s −1, belongs to exactly one line of S∗. We call
Ω1,Ω2, . . . ,Ωs−1 the transversal subgeometries of S∗.
The Kantor semifield B LT -set of lines consists of the q + 1 lines Lt =
{(x, y, ty, mtσ x) | x, y ∈ G F(q)}, t ∈ G F(q) and L∞ = {(0, 0, z, u) | z, u ∈ G F(q)},
where m is a fixed nonsquare of G F(q) and σ is a nonidentical automorphism of G F(q).
This B LT -set, say B∗, has two transversal lines, say L and M . Indeed L = {(x, 0, 0, u) |
x, u ∈ G F(q)} and M = {(0, y, z, 0) | y, z ∈ G F(q)}. Now, let ⊥ be the symplectic
polarity defined by the form: X0Y3 + X1Y2 − X2Y1 − X3Y0, and consider the symplectic
space W (3, q) associated with ⊥. The lines Lt ’s and L∞ are totally isotropic with respect
to the polarity ⊥ while the transversal lines L and M are nonsingular and conjugated with
respect to ⊥ (for more details, see [10]).
Put σ = τ , i.e. σ 2 = 1, and consider the semilinear collineation fσ : (x, y, z, u) →
(ys, xs, m−sus , mzs). We have f 2σ = 1, Lσt = Lt , for all t ∈ G F(q) and Lσ∞ = L∞;
moreover, the lines L and M are conjugated with respect to fσ (for more details, see [10]).
We can regard Σ  PG(3, s) as the canonical subgeometry defined by the points of Σ∗
fixed by fσ , hence Σ = {(x, xs, u, mus) | x, u ∈ G F(q)}. Then, B∗ defines a regular
spread, say B, of the subgeometryΣ .
Let S˜ be a regular spread of Σ with no line in common with B and let S˜∗ be the pseudo-
regulus of Σ∗ defined by S˜. Denote by Ω˜ a transversal subgeometry of S˜∗ with Ω˜ = Σ . As
the regular spreads B and S˜ have no lines in common, Ω˜ is disjoint with each line of B∗.
Suppose Σ∗ is the projective space arising from the 4-dimensional G F(q)—vector
space G/Z and let W˜ be the 4-dimensional G F(s)—vector space defined by Ω˜ . Then
the additive group of W˜ is some H/Z , and H ∪ {(∞)} is a translation ovoid of the
generalized quadrangle arising from the semifield flock of PG(3, s2) associated with the
B LT -set B∗.
Example 2. The B LT -set of a Fisher–Thas–Walker flock consists of the set of the tangent
lines to a twisted cubic of PG(3, q), q ≡ −1(mod3) (see [6]). On the other hand,
any translation spread of the hexagon H (q) is defined by a subgroup of G, say H , of
order q3 containing the center Z such that, the points of PG(3, q)  PG(G/Z , G F(q))
defined by the elements of H/Z lie on imaginary chords of the twisted cubic (see e.g. [3,
Theorem 4]). Hence any translation spread of H (q) can be regarded as a translation ovoid
of the Fisher–Thas–Walker generalized quadrangle.
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Example 3. Let B be a BLT-set of lines of PG(3, q), q odd, which are totally singular
with respect to a symplectic polarity ⊥′. Then there is at least one totally singular line, with
respect to ⊥′, which is skew from all the lines of B; this is equivalent to saying that if B is a
BLT-set of points of Q(4, q), then there is a point of Q(4, q) not collinear, on Q(4, q), with
any point of B . Indeed, let B = {p0, p1, . . . , pq}: the points of Q(4, q) collinear or equal
to one of the pi ’s are those on the tangent cone, and they number q2 +q +1; the number of
points collinear with at least one of p0 and p1 is 2(q2+q +1)−(q +1) = (q2+q +1)+q2
because the two cones have a common conic on p⊥0 ∩ p⊥1 , where x⊥ denotes the polar
space of the point x with respect to Q(4, q). The number of points collinear with at least
one of p0, p1 and p2 is at most 3(q2 +q +1)−2(q +1) = (q2 +q +1)+2q2 because the
cone with vertex p0 has two different conics in common with the cones with vertices p1
and p2 respectively, and equality holds if and only if the plane p⊥1 ∩ p⊥2 is one of p⊥0 ∩ p⊥1 ,
p⊥0 ∩ p⊥2 , which is impossible because the points p0, p1, p2 are not on a line. Therefore,
the number of points collinear with at least one of p0, p1, p2 is (q2 + q + 1) + q2 + a2,
where a2 < q2. With a similar argument, the number of points collinear with at least one of
p0, p1, . . . , pq is N = (q2 +q +1)+q2+a2 +· · ·+aq with a j < q2 for all j = 2, . . . , q;
hence N < q3 + q2 + q + 1, which is the number of points on Q(4, q).
Therefore, if q is odd, and G/Z is equipped with the usual symplectic polarity, then,
for any BLT-set of lines B there is a totally singular line, say , skew with each of the
lines of B. Let H/Z be the 2-dimensional vector subspace of G/Z associated with . Then
O = H ∪ {(∞)} is a translation ovoid of S(C), where C is the q-clan defined by B, with
H an elementary abelian subgroup of G. Note this example is not the classical one.
Also, some examples of translation ovoids of S(C) can be constructed algebraically, just
applying Theorem 3.2.
Example 4. Let q be any odd prime power, and let C =
{
At =
(
xt yt
0 zt
) ∣∣∣∣ t ∈ F
}
be a q-clan. Following the notation of Theorem 3.2, a map giving a translation ovoid is
f¯ : F2 → F2, f¯ (a, b) = (−b, a) if (a, b) ∈ F2. Indeed, f¯ is an additive bijection and if
f¯ (a, b) = (a, b)Kt , then 2a2xt + 2abyt + 2b2zt = 0 which implies a = b = 0 because C
is a q-clan. The translation ovoid is O = {(∞)}∪ {(a, b, c,−b, a) | a, b, c ∈ F}, the latter
being a line in the 3-dimensional projective space G/Z .
Example 5. Let q be any odd prime power, let σ be a nonidentical automorphism of
G F(q) and let m be a nonsquare in G F(q). The set C =
{
At =
(
t 0
0 −mtσ
) ∣∣∣∣ t ∈ F
}
is the Kantor semifield q-clan. Following the notation of Theorem 3.2, a map giving a
translation ovoid is f¯ : F2 → F2, f¯ (a, b) = (bσ ,−a) if (a, b) ∈ F2. Indeed, f¯ is
an additive bijection and if f¯ (a, b) = (a, b)Kt , then (bσ ,−a) = (a, b)
(
2t 0
0 −2mtσ
)
,
which implies bσ −2at = −a +2bmtσ = 0 hence a = 2bmtσ and bσ−1 = 4mtσ+1 which
is impossible unless b = 0 as m is a nonsquare. Then b = 0 forces a = 0. The translation
ovoid is O = {(∞)} ∪ {(a, b, c, bσ ,−a) | a, b, c ∈ F}, the latter being a union of sublines
(over the subfield fixed by σ ) in the 3-dimensional projective space G/Z .
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